Introduction
Suppose the locations of n particles in d-dimensional space (such as biological individuals in a region of the plane or molecules in a region of space) are represented by points xi in Id, with d > 1. A simple stochastic model for their positions has them independently distributed with common probability density function f (for example, f could be a measure of the richness of the soil at a given point on the ground). We call this the null distribution.
A more complex model is the pairwise interaction point process, also known as a form of Gibbs distribution. An energy function /)n : d --I is specified and the null density is weighted multiplicatively, by exp(-n (xi -xj)) for each pair of distinct particles xi, xj, In Section 5 we apply the same methods to the area-interaction point process, conditioned to have n points. For our purposes, this is defined by a joint density of the form n f (n(xl, ...,n) c (exp-ynVrn(xl,x2,..., Xn)}) f(xi), (1.2) i=l where Vr (xl, ...., Xn) denotes the volume of the union of balls of radius r centred at x ..., Xn, and Yn and rn are parameters. This form of density (for d = 2, hence the nomenclature) was proposed by Baddeley and van Lieshout [2] in the context of spatial statistics, having previously appeared in the physics literature [17] . We investigate a limiting regime for the parameters (Yn, rn) which is analogous to that considered for pairwise interaction processes; there turns out to be an asymptotic equivalence with a pairwise interaction process with a specific non-step function form for 0.
Both for pairwise and area interactions, the 'sparse' limits considered are not particularly natural from the statistical physics perspective, but are quite reasonable in the representation of the locations, for example, of a rare plant or nesting sites of a rare bird.
A general result
We start by looking at generalized Gibbs distributions, by which we mean distributions for which some tractable null measure ,tn is weighted by a Radon-Nikodym derivative proportional to e-U, where U is the value of an 'energy function' summed over the points of an induced point process. More formally, a generalized Gibbs distribution is a probability measure ,' defined by (2.1) below. We shall give a simple result (Proposition 2.1) about generalized Gibbs distributions which may by applicable in other settings than those considered here. See for example [16] for a variety of possible applications of models of this form.
Let S be a complete separable metric space, and let B denote the Borel a-field on S. Let A be the space of locally finite counting measures on (S, B). For M E MA and g: S -> R we use the inner product notation (M, g) for the integral fs g dM. Clearly M is identified with a set of points and (M, g) is the sum of the values of g at those points.
A pointprocess on S is a random element 4 of M. If X is a locally finite measure on (S, SB), a Poisson process with mean measure X is a point process for which the random variables with zn a normalizing constant. We write AO for the set of discontinuity points of 4.
We are interested in the asymptotic distributions of the under t he unr measures /n and 'n. The extra condition required on f is that (3. 
7) holds (as well as f being bounded). For example, if f is uniform on the unit cube then (3.7) holds. Using Theorem 1 of Arratia et al. [1] (see also [3]), it can be shown that DTV(Un,a, Po(EUn,a)) = O(n-
)
Several types of particles
We now generalize the setting of the last section by allowing more than one type of particle. Strauss [16] also worked on the multitype setting, with random sample sizes, using different methods from those used here. We assume that there are a types of particle, and the null probability density function for particles of type a is fa, assumed bounded for each 
The area-interaction process
For the area-interaction point process, we restrict our attention to one type of particle. The form of density given in ( 
